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Abstract Scveral questions are addressed regarding thc role of numbcr of surfaces 111 the Mroz
type multiple surface models. Firstly. 1I1creasing the number of surfaces improves the accuracy of
the plastic modulus function. but at the same time alters the translation behavior of surfaces. Two
90 out-of-phase axial- tursion luading experiments are chosen to illustrate the number of surface
influence on the model behavior. The stresses exceed the experimental levels with increasing numbers
of surfaces from 5 to 100. Secondly. for proportional loading. the multiple surface models do not
predict ratchetting (progressive plastic strain accumulation in one direction). However. these models
predict ratchctting for general nonproportlOnalloading. An "'elhpse" shaped axial- torsional loading
path has been considered where predicted ratchetting rates L,r exceeded their experimental counter­
parts. An explanation IS forwarded to address these properties of the models. It is further dem­
onstrated that the multiple surface model of Mroz and its modification by Garud produce identical
stress-strain predictions when the number of surfaces exceeds a certa1l1 value. For infinitesimal
loading increment. intersection of surfaces does not uccur Ilhcn using either the Mroz or Garud
modeL howcver. when finite loading increment is selected in numerical calculations the intersection
problem arISes in the VI roz model.
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The multiple surface models forwarded by Mrol (1%7, 1%9) and later by Garud (1981)
have gained wide appeal in the cyclic plasticity research over the last 20 years. An obvious
advantage of the multiple surface models is their ahilrty to reproduce the Bauschinger effect
for Masing type materials. The Bauschinger effect refers to the phenomenon that the yield
stress will be reduced in one direction if the material has been loaded plastically in the
opposite direction. The material is said to conform to Masing behavior when the cyclic
stress-strain curve. obtained by joining the tips of the hysteresis loops for different strain
amplitudes, reproduces the hysteresis loop shape corresponding to each strain amplitude,
The multiple surface models are also noteworthy for their capabilities for handling
additional hardening for nonproportionalloading. It has been demonstrated that this class
of models can correlate experiments better than the linear hardening model when predicting
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the stress responses for multiaxial stram-controlled loading (Hunsaker ef al., 1976; Lamba
and Sidebottom. 1978). The superiority of the multiple surface models is also reflected in
the overwhelming efforts on developing the simplified two-surface models (e.g., Dafalias
and Popov. 1975; Krieg, 1975: McDowelL 1985: Tseng and Lee. 1983) and three-surface
models (Bruhns and Pape. 1989: Chaboche, 1989). Attempts have also been made to
advance the computational schemes associated with the Mroz multiple surface model (Chu,
1984; Kottgen and Seeger. 1993). The multiple surface models have been applied to
engineering problems (Barkey ef al.. 1994: Chu, 1984; Garud, 1991; Howell et al., 1993)
and the encouraging simulations reported in the literature suggest that the multiple surface
models are able to provide stress-strain responses in close agreement with the experimental
observations for general nonproportional loading.

In spite of many advantages. there are certain concerns associated with the multiple
surface models. The discontinuous description of plastic modulus function may leave a
continuity condition unfulfilled (Hashiguchi. 1993). If the sizes of the surfaces are allowed
to vary. certain conditions should be satisfied to avoid intersection of surfaces. Therefore,
it is difficult to incorporate the transient material behavior such as isotropic hardening and
cyclic hardening into the multiple surface models (excluding the two and three surface
models). With the uniaxial stress-strain curve as the only input, the models do not have
sufficient flexibility to predict different levels of nonproportional hardening experimentally
confirmed for different materials. Furthermore, the multiple surface models do not predict
ratchetting, plastic strain accumulation in a given direction, for any proportional loading,
but they are able to predict ratchetting for general nonproportionalloading (Garud, 1991;
Hassan ef al.. 1992: Jiang. 1993) Hassan et al. (1992) and Jiang (1993) showed that the
predicted ratchetting rate obtained by using the Mroz model was much higher than the
experimental observations. It has not been fully understood why multiple surface models
produce ratchetting for nonproportional loading but zero ratchetting for proportional
loading. The present study addresses this concern.

Hashiguchi (1988) formulated the conditions for multiple surfaces to intersect for the
Mroz hardening rule and pointed out that surface intersection would occur. McDowell
(1989) discussed the intersection problem for the two-surface models and concluded that a
two-surface model following the Mroz translation direction posed no surface intersection
problem. The current work will further address this intersection issue for the multiple
surface models It was noted that the number of surfaces employed in a multiple surface
model has an influence on the surt~lCe translation (Kottgen and Seeger, 1993). In this paper
the number of surfaces influenced will be elucidated to predict ratchetting for non­
proportional loading.

In the following discussions. the structure of the Mroz and Garud multiple surface
models will be introduced along with the basic framework of time-independent plasticity
theory. We will restrict the discussion to the conventional representation of plasticity
(Drucker, 1988), which assumes that no plastic deformation will occur in the elastic region
of yield surface. Distinction will be made between two or three-surface models and multiple­
surface models. In the remainder of the paper. emphasis will placed on the multiple-surface
models. Specifically. we will discuss the number of surface influence on the stress-strain
simulations and ratchetting prediction problems in general.

:: STRLCTURF 01 \1l L rtPLE SURFACE PLASTICITY MODELS

Under the well-established framework of plasticity theories, for small deformations
the total strain is decomposed into the clastic and plastic parts. The elastic part is governed
by Hook's law and the plastic part IS the subject of plasticity theories. For plastic defor­
mation. the incompressibility condition is generally assumed. The material follows the
elastic stress--strain relation with zero plastic strains until the stresses satisfy the yield
condition. The von Mises yield function and the normality flow rule are used for the
purpose of discussions,
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Fig I. (Jennall/ed \un \li,e, \leld ,urtace \lIth kinematll tramiatl0l1111 de\iatoric stress space.
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(I)

(2)

A bold letter with a tilde below represents a second order Cartesian tensor. In eqn (I),
frepresents a yield surface, ~ is the deviatoric stress tensor. '/; is the backstress in deviatoric
space representing the center of the yield surface. and k is the yield stress in simple shear.
In eqn (2), <> denotes the MacCauley bracket (i.e. = 0.5 (Y+ Ixl)) and h is a scalar
function often called the plastic modulus function. A colon between two tensors denotes
their inner product and the prefix d represents infinitesimal increment or differentiation, A
schematic representation of the yield surface and its translation is illustrated in Fig. I, The
angle between the back stress translation and the exterior normal is denoted bye. The unit
exterior normal!! on the yield surface at the loading point is defined as,

S-:x
n=-"'" -
- I~ Zi

(3)

The shape of the yield surface is generally as,ul11ed unchanged: however, the size of
the yield surface can be adapted to account for the transIent behavior by allowing k to
vary. It is also assumed that the yield surface can translate but cannot rotate.

During elastic plastic deformation the stress state lies on the yield surface. This con­
sistency condition can be expressed mathematically a,

or modifying elJn ( I),

d/ = 0, (4a)

(4b)

To model the observed ,tress strain response or a material under cyclic loading, Mroz
(1967, 1969) introduced the concept of a field of plastic moduli. Several points are selected



1056 'Ian"I<' ,liang ctnd Huseyin Sehitoglu

h

hi! ' field \11 ,"lIl\tdJlt plastic modulus functions,

on the uniaxial stress strain cune Irefer to Fig, 2). and corresponding to each point, a
surface in the stress space is defined to be geometrically similar to the initial yield surface.
Mroz postulated that these surfaces define regions in the stress space, each having a constant
plastic modulus function. h( I ), h(21. hU). hU'() where N, is the number of the outermost
surface. Independently. [wan (1967) proposed a similar multiple surface model to consider
the Bauschinger effect for Masing type materials.

Mroz (1967) proposed that the translation direction of a surface is given by the vector
joining the present state of stress P on the ith surface with the image stress state P* on the
(i+ I)th surface such that the two surfaces have an identical exterior normal ~ (see Fig. 3).
This Mrol translation vector can be expressed as

(5)

where i" and R", represent the center and radius of the ith surface, respectively. The

hg Schematic' of the 1\1 rn/ hardening rule illustrating translation direction.
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Fig. 4. SchematIC of the Garud hardening rule illustrating translation direction.
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increment of the ith surface center is determined by manipulating eqn (5) and the consistency
condition, eqn (4). The first surface!; 11 is the yield surface and any other surface represents
constant plastic modulus functions.

Garud (1981), in examining hardening rules, pointed out that the translation direction
of the yield surface, according to both the Mroz and Prager-Ziegler (Prager, 1955; Ziegler,
1959) rules, was independent of the stress increment, and this independence would create
an inconsistency problem in the finite stress increment calculation. To avoid this possible
inconsistency, Garud proposed a new hardening rule that related the surface translation
direction to the stress increment direction. Referring to Fig. 4, consider that the stress
increment was so large that it joined the current stress state point P on the ith surface and
P' on the (i+ 1)th surface, so that the two surfaces would be tangential on point P' where
the ith surface had its center on 0;. Garud proposed that the translation direction of the
ith surface is in the direction of the vector joining 0, and 0;, and the magnitude of
translation is determined by a consistency condition which requires that a stress state stay
on the yield surface. Therefore, the Garud translation vector, the vector joining point OJ
and 0;, can be expressed as

(6)

where !!' is the unit exterior normal at point P' which is often called the incremented stress
state. Other than the prime notation, both sets of equations for the Mroz and Garud
translation directions are similar. Clearly the only difference between the Garud rule and
the Mroz rule is that the translation direction in the Mroz rule is determined by the normal
!! of the current stress state, while in the Garud rule the translation direction is determined
by the normal !!' of the incremented stress state. The magnitude of translation of a surface
for the Mroz model is determined by

d
(i) dS:!!

(J. = ---- \'.
- r:!! -

For the Garud model, r is replaced by t in the previous expression. The magnitudes and
directions of translations for the two models are different.
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Primarily aimed at reducing the computational time, the two-surface plasticity models,
consisting of a yield surface and a bounding surface, were developed based on the concept
that the translation direction of the yield surface is determined by the relative positions of
the two surfaces. The translation of the yield surface follows either the Mroz hardening
rule (Dafalias, 1981; Dafalias and Popov. 1975; Krieg, 1975) or Garud hardening rule
(Tseng and Lee, 1983).

It should be noted that the two-surface models differ from the multiple surface models
ofMroz and Garud in the way they specify the plastic modulus functions. For proportional
loading. the Mroz-Garud models predict fully closed stress-strain hysteresis loops, hence
no ratchetting; while the two-surface models with a nonlinear hardening relationship
can produce ratchetting for both proportional and nonproportional loadings (McDowell,
1992). Mroz (1981. 1983) discussed the similarity between the multiple surface models and
the Armstrong-Frederick type single surface models. Ohno and Wang (1991) further
formalized the relationship between the multiple surface models and the single surface
formulations.

Preliminary analysis (Jiang. 1993) suggests that the Mroz and Garud multiple surface
models are inferior to the Armstrong Frederick (Armstrong and Frederick, 1966) type
models such as those of Chaboche et al. (1979) and Ohno and Wang ( J 993) not only in the
ratchetting prediction but also in the stress response predictions for nonproportional strain­
controlled loading. Therefore, we draw a distinction between the multiple surface models
of Mroz and Garud and the single and the two-surface models. We will concentrate our
discussion to the multiple surface models.

3. II'TTRSECTlOl\ OF SURFACES

In discussing Mroz-Garud multiple surface relations. it has been always taken for
granted that (i) the surfaces remain tangential on the point of stress state and (ii) in the
course of translation the surfaces will never intersect. In fact, when the point of stress state
is always the point of tangency of the surfaces, there will be no possibility for the surfaces
to intersect. Here, we demonstrate that this is true for an infinitesimal loading increment.
Figure 5 depicts a critical position before possible interaction could occur. Without loss of
generality. discussion will be restricted to two neighboring surfaces, f;iJ andf;i+ I)' Assume
that at the current moment the two surfaces are tangential at point T and the stress state is
at point P on the ith surface. The exterior normal at point P is !!. The image point in the

!!T

T

Fig. Illustration of pOSSible mtersection of surfaces for the Mroz hardenmg relation.
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(i t l)th ,urface whIch ha, an idcntIcal cxterior norm~l1 !.:! is p* According to the Mroz
hardening relation. the translation of ith ,urface ~hould folkm the vector joining point P
and point P*. i.e. l:. Simplifying the \1ro/trall'lation lector represented by eqn (5) for the
Fig. :; situation re,ulb in

(7)

where !.:!/ is the unit extenor l1(1rmal at pOlllt r IV here the ith surface touches the (i+ I )th
surface. R" and R, ,denote the radii of the ith and (I- I lth ,urfaces. respectively. Because
(R" _],- R, ,) > 0 and noting that both!.:! and !.:!/ are unit lectors. from eqn (7) we have

- R,.)I!.:! tJ i I ) < () (8)

The eLjual ,Ign In thl' prC\ IOU' lIlequalitl 11llkb only when the loading state point P
coincides with point T. In this l'~he thc two surface~.!. and! . ],. will translate in a direction
determined by the rebtile po,itlon of (i + 21th surLlce III terms Ort;,~ II ort;". which is not
the case under consideration. "Joting that the direction of dZ«' is parallel to 1:. the inequality
implies that wheneler the stress point IS at a point other than point T the translation
direction of the ith ,urface always makes an obtuse angle to the exterior normal !.:!Tat point
T where the ith and (i + I )th surface, were tangentLtI Therefore. the ith surface will depart
from the initially tangential pOint T as a result of further loading. This condition suggests
that when two surfaces arc tangential at a point other than the stress point. further loading
will force those two surface to separate. \Vhen the loading point P reaches the (i+ I)th
surface. the two surface 1\111 be tangential at a point ~l11d. according to the aforementioned
condition. this point should be I he loading point I'. TIm confirms the previous assertion
that the surfaces will be tangential on the point (\1' ,tress state and the surfaces will never
intersect. Upon replacing tJ in eqn (~) with tJ. the exterior unit normal at the incremented
stress state. we can reach the S~l1ne conclusions for the Garud model.

From the previous discussions on the 1\1 n)/ model. we conclude that when the loading
path follows PP' in Fig :1. thl' Ith surface will bl' t~lngent to the (i+ I)th surface at point
r. On the other hand in Fig. 4 f\lr the Ci~IrlLd rule, the lth and (i+ I )th surfaces will be also
tangential at pOint P on the (i + I )th surfacc \Ihen the loading point Preaches r. Clearly.
the resuiting translati()n of the ith surface will be till' ,ame according 10 both the Mroz and
Garud rules when the !lumber or surfaces i, Inl'r\.\ISL'(! This will be demonstrated and
further discussed.

The previous dlscu"i\)n or thc lllterscCtIon pn)hlem assumes that the stress increment
is infinitesimal. Note that tIll' term infillltesimal here h d mathematical terminology. Because
the translation direction of a surface i~ independent of the ~tress increment. surface inter­
section may occur for the \1ro/model when the stre,s increment is finite. A simple example
is illustrated in Fig. 6. When till' current stress point l' lie~ in the extended line linking OIl)

and 0" ],. the current centers of the ith and (I 11th ,urfaces. respectively, the translation
of the ith surl~lce should he consistent with the l'Xtcri()r normal direction on the ith surface
at point P. A finite ,trL'S~ increment i1~ perpendicular to the normal direction, !!. in
deviatoric stress space from P {(1 p" will result in lIlter,ection of the two surfaces. However.
such intersection prohkm doc, not exist for the (jarud model. even for finite stress

increment. Referring (0 FIg 4. the Ciarud rule reqUIres that the two surfaces.flil andf;i+ I).

be tangential at the POlllt I' when the IO<lding stre" ,tate reaches the (i+ I)th surface. We
established that there is !l0 lIltersection problcm for lIltinitesimal stress increment. There­
fore. the surface Intersection problem can be circunl\ented in the numerical analysis when
using the M roz model bl Sy ,tema tica Ily retini ng l he loading ll1crement step. In the numerical
analysis where finite loadIng increment is utilizcd. measures such as those described by
Tipton (1l)~5) should be <lis" taken for the case w hen a !()adll1g step crosses a surface.

We note that the current conclusion on thl' surface intersection contrasts to that of
Hashiguchi (Il)R~) wh" conL'luded th<lt the surfacc, may intersect for the Mroz model.
\1cDowell ( Inl)) also p"ll1 ted out t ha t ~I t" o-surLll'l' nwdel obeying the Garud translation
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!!

!!

hg. h Illtcrseclinn n! SurLILl', II hell elllr1nvlllg the Mruz model for finite stress increment

direction had a regIOn \vhere the boundar) surface and the yield surface would intersect,
but there was no Intersection problem if the yield surface follows the Mroz translation
direction. In some of the two-surface models. the bounding surface is allowed to translate
independenth (McDowelL 1989). even It is not "'touched" by the yield surface. This inde­
pendence of translation of the bounding surface may result in surface intersection. This
difference contributed to miscellanellus conclusions concerning the intersection problem in
the literature.

4 "t \1HFR OF SlRF\(f j"ILlENCF ()'J STRESS-STRAIN PREDICTIONS

The plastic modulus function IS described with the piecewise linear representation in
the multiple surface models. Inevitably. the number of surfaces employed in the model has
an influence on the description of the stress strain relations for a proportional loading. For
uniaxial loading the piecewise linear description in the multiple surface models will approach
the experimental stress-strain curve as increasing number of surfaces are employed. On the
other hand. the translation direction of a surface is dependent on the relative positions of
the consecutive surfaces. Therefore. it becomes evident that the number of surfaces
employed also has an influence on the surface translations. For discussion, we consider
only the cyclically ,table materiaL When thc yield stress is a constant, eqn (4b) renders

d~ : !! = dZ : !!.

Substitutll1g the above relation intu c'qn (2). we ubtain

I I
d( = Ii (liZ: !!)!! = Ii Idzl cos B!!,

(9)

(10)

where (lIS the angle made by the exterior normal direction!! and the translation direction
of the yield surface (refer to Fig. I) in deviatoric stress space. The quantity Id~1 in eqn (10)

is the magnitude of the backstress ll1crcment which is defined as IdQ;1 = 'V~. With the
other conditions bemg the same for a stress-controlled loading path, eqn (10) implies that
the larger the angle Ii the smaller the corresponding plastic deformation predicted. If the
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strains are controlled parame1<:rs. eqn (IOj suggesh that a larger angle 0 will result in a
larger stress response. In the case of stress-controlled loading (where stress increments are
known beforehand and plastic strains are to be computed) consider two cases with the
same number of selected surfaces and plastic modulus functions. The one with a larger
angle () will result in smaller plastic deformation. Importantly. the angle f! can be viewed as
a measure of nonproportionality ctfech (Benallal ;lI1d Marquis. 1987). We find that the
number of surfaces not only influences h. as noted b~ other investigators. but influences f!
considerably. The relationship bet\\een ratchetting and II was discussed by Jiang and
Sehitoglu in a recent paper (JIang and Sehitoglu. 1994).

Figure 7 schematically illustrates thc numbcr ()f surface II1fluence on the translation
direction of a surface \\-hen using the 1\1 ro/ multiple surface model. Considering the case
when the l-';th surfaces are tangential at the loading point P and the next neighboring
surface is/Ii + I)' the translation direction of lhe ith ,urface will follow the direction t and
the corresponding angle bet\\-een the normal Q and the translation direction t is O. If the
number of surfaces is reduced so that the next neighboring surface size should become
larger. the translation direction of the lth surface would follow t direction that makes an
angle f)' with Q. Accordingly. for the ,ame stress load1l1g path. the predicted results will be
different if employing a different numher of surfaces. The number of surface influence on
the Garud translation direction call be expLiined in lhe same fashion.

4.1. Nonproportio/1i1//owlillc! n{JcrllJ/c/11.1 lI/1dcrllnllll (0/111'0/

Two strain-controlled l)O out-of-phase aXldl-torslon loading paths are investigated.
The experimental data is obtained from Fatemi (19X)) who conducted his experiments on
the same equipment as the authors at the Universit~ of Illinois. Two loading paths are
shown in Fig. 8. The uniaxial stress strain curves used in the simulations are shown in Fig.
9 for different number of surfaces selected. The yield stress is 173 MPa. The largest surface
corresponds to a uniaxial stres, of 700 1\1 Pa. The surfaces in between the yield surface and
the largest surface are e\ enly spaced. Figure 9 sho\\ s that the n umber of surfaces employed
has little effect on the uniaxial stress strain relation \\ hen the number of surfaces is larger
than five. The effect of the number of surLlce Influence under proportional loading is small
and converges asymptotically.

Figure [O(a) shov\s results predicted hy the Mrll/ model for path I. Little influence of
the Ilumber of surfaces I, noted. However. the numher of surfaces has a profound effect on
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the predictions of the slress response for pa th II (Fig. lOb) when using the Mroz model.
When the number of surface is five. the predicted stress response is in close agreement with
the experimental data. When the number of surfaees is increased. higher stress responses
are predicted. Similar phenomenon can be observed for the Garud model. For path I, the
Garud model is insensitive to the selec!ion of the number of surface_ However, the number
of surface influence becomes significant for path II when using the Garud model (Fig. 11).
Of all the selections of the number of surfaces. the Garud model does not give results in
good agreement with the experiment. It is noted that when N, is larger than 50, the two
models predict very similar results for the two loading paths investigated.

To illustrate this point further \\c con:iider 1070 steel (Fig. 12a) subjected to a strain­
controlled 90 out-of-phase tension torsion experiment (Fig. 12b) to demonstrate this
effect. Assume that the material obc\ s a bilinear stress strain relation for uniaxialloading
(Fig. 12a). The purpose of thi:i chOice IS to isolate the number of surface effect on the
translation of the surfaces. For this material. the material constants for the multiple surface
models include the Young's ll1odulu:i. E. the yield stress. (7\. the plastic modulus, H, and
the Poisson's ratio. II. These ma tena I properties are presented in Fig. 12a. It should be
noted that the selection of the matemil constants does not qualitatively alter the ensuing
points of discussion.

The predictions obtained using the Mro7 and Garud models with different number of
surfaces are shown in Fig. 12b. The experimental :itrain path is depicted in the upper-right
corner of Fig. l2b. lV, in the figure denotes the number of surfaces employed when using
the Mroz or Garud model. There are 4000 lI1cremental steps used for a loading cycle in the
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simulations. The largest surface in thc multiple surface models corresponds to about 10%
strain amplitude for the uniaxial loading and the surfaces in between the largest surface
and the smallest (yield) surface arc uniformly dIstributed in deviatoric stress space. From
Fig. 12b v,e recognize the sigl1lticant intluence of the number of surfaces on the stress
response predictions. For the 90 out-of-phase loading path. the Mroz and Garud models
predict higher stresses as the number of surface ll1creases.

We note that with bilinear stress strain representation for uniaxial loading, all the
values of the plastic modulus functIOns represented by each surface in the models are
identical. In other words. there is IHl intluence of the number of surface on the plastic
modulus function. Therefore. all the deviation shown in Fig. 12b is attributed to the
alteration of translation direction ,)1' the yield surface due to employing different number
of surfaces Also. we observe that both multiple surface models predict practically the same
results when S. = :'0. This is consistent with the previous discussion of the Mroz and Garud
models. from the numerical analyse\ employing the multiple surface models, it has been
noted that the serIousness of the tlumber of sLlrfaee influence is also dependent on the
loading magnitude and loading pat h i.llang. 19'n)

For general applications of the multiple surface models. the n umber of surfaces cannot
be \ery large due to the limitation of the computational ability. The tremendous influence
of the number of surfaces. as shown In Figs 9 12, reveals an important controversy of the
multiple surface models. A hardelllng rule is identified by its unique specification of the
translation direction for the) leld surface. In the multiple surface models, however, the
!lumber of surfaces employed bel"oml's an IInport~tIlt model parameter for this specification.
The quantitative relation bet\\een the number of surf~lces and the predicted results is
difficult to formulate. Many eXisting l"llilclusions related to the multiple surface models
should be rene\\ ed i!l the contc\ 1 \ ,I I ill' 1111111 bel' 01 surfaces employed.
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models f,'r a nonproportlonal aXI,t1 l,)!"sion loading path.

5. RATCHETTING PREDICTlO,\S WITH 'vll LTIPLF SLRFACE MODELS

5.1. Nonproportionallowlinq npe/"imenTI unde/" I 1/"('11 CO/IlwI
The uniaxial representation of 1070 steel wIth multiple surfaces is depicted in Fig_ 13.

Similar to the 1045 steel. the amount of surface influence diminishes when N, exceeds five.
A comparison of experimental ratchetting results and predictions by the Mroz and Garud
models for a nonproportional axial torsion loading path is presented in Fig. 14. The stress­
controlled "'ellipse" shaped axial torsion loading path was conducted on a 1070 steel
tubular specimen (Jiang. 1993). With tensile axial mcan stress. there is progressive strain
extension in the axial direction. The experimental ratchettll1g in the shear direction for this
loading path is minimal. The material displays long term ratchetting rate decay. In the
simulations, 4000 incremental steps are employed for each loading cycle and the number
of surfaces used in the models is 100. The material constants for the models are not
important for the points of discussion but can be found elsewhere (Jiang, 1993). From Fig.
14 we find that the two mUltiple surface modcb arc able to produce constant ratchetting
rate for the "ellipse" shaped loading path in hoth axial and shear directions. but predicted
results are very different from the experimental ohscn ations. The ratchetting rate predicted
by the Mroz and Garud models for the nonproportlOnal loading is constant and exhibits
no decay. More notably. the models predict large shear ratchetting while the experiment
displays practically no ratchettll1g in this direction The t\\O models predict virtually ident­
ical results.
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(a)

Y'III\,I" .Ilettl~ dtld lIusl'\itl Sehltoglll

(b)

l!

h~. I:; SlIrLICe tr'ItlSldtlOtl l"r pr"pl1rll"tldl dtld lH1tlpropOrliotlal loading according to the Mroz
model (et I surface translation f"r prl)l1(\rlll)J1dII()adln~.(hi surface translation for nonproportional

I~iading.

5.2. EYp!W/(/lioll o!rlllcliellillij IIl1del lhe lIoll/JropOriiollo!!ooding case
The finding that a multiple surface model docs not predict ratchetting for proportional

loading but predicts ratchetting for nonproportional loading can be explained as follows.
Rewriting the flow rule. e4n (2), ltl thc ltldicial form leads to

d,: (I I)

Ratchctting rate is the amount ()t ',(ratll progression during a loading cycle. Presenting
this expression mathematically. \\c h~l\c.

d;:;", = I'
d.\ .

- I Ii "dS/,/I;,/ )11",,,.
",',\,.'

( 12)

where dt"", d.\ IS the ratchcttll1g rate III the 1/111 dIrection.
Referring to Fig. 15a. a proportional loading path is represented by AOu+ I)BO(i~lIA.

Assume that for thiS loading path thc first I ith surface translates while the other surfaces
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larger than i \\ill not n1ll\e. Because of proportional loading, the plastic modulus function.
Ii. and the value of the inner product dSIe/l lel will vary symmetrically with respect to the
(i + I )th surfacc center. () I,. and are always non-negative. The value of a normal com­
ponent 11" will \ar) sYlllmetrically with respect to the fixed point. 0(1' I I' but the sign of the
normal component 11, will changc. As a result. the integral in right-hand side of eqn (12) is
always zero. hcncc no ratchetting is predicted in any direction.

\Ve present Fig I5h to study the nonproportionalloading behavior. The loading path,
/\CBCA. consists of a static stress in the II direction and fully reversed stress components
in the other direction. The ratchetting rate in the II direction can be expressed as

I, I (CL"l"IIl, '11,

" I (iii I I

(\3 )

Again. Ii ~lI1d dS; ill; are non-negative and are symmetric with respect to the middle
point C bctwecni and B For this loading path. the variation of the normal component
n" is symmetric with respcct to the same middle point C but does not change its sign for a
loading cycle. As a rcsult. the integral of eqn (13) is a non-zero value. Considering cyelically
stable material properties. the variations of Ii and dS,/llu. and Il" do not depend on the
number of cycles. Therefore. a constant ratchetting rate is predicted. This explains the
constant ratchetting predicted by the Mroz and Garud multiple surface models for the
nonproportional loading reported by Garud (1991) and Hassan cT al. (1992). Garud (1991)
demonstrated the ~Ibilit\ of his model to predict ratchetting for a nonproportionalloading
path of steady intcrnal pressure with superimposed cyclic torsion. Hassan cT al. (1992) used
the \11'0/ mockl to '1111 ula Ie a loading consisting of sta tic internal pressure and axial strain­
symlllctrIc c\cling.

(, CO:\CLlSIO:\S

(I) 'Thl' numbcr of surfaccs in the multiple surface models of Mroz and Garud has a
signillcant 1I1lluencc on thc translation direction of the yield surface and. hence the stress
strain predictions, This number of surface employed can in fact be viewed as a controlling
parameter or mockl coctJiCtent. but a quantitative relationship between this parameter and
the prcdicted results is yet to be formulated.

(2) Whcn the loading Increment is intiniteslll1al. no intersection of surfaces will occur
for thc Mrol Clnd Ciarud multiple surface models. Intersection of surfaces may occur when
using the 1\11'0/ model 1'01' linltc loading increment but will not occur when using the Garud
model.

(3) For gcneral non proportional loading, the multiple surface models can predict
ratchettlng Hll\\C\Cr. the' predicled ratchetting rates generally differ from the experimental
ohservations

~('kn(!ll/('d(/('iJ!Cl/i\ I ill.' ;lLllll\I!'~' \\ (IUid Ii"c to ackno\\ kdgc thL' tindlh..'iaJ ~upport fro 111 the Association of
Ameri(an R~lilr<l"cb. I Cc'hi1lc'~ll (·cntcr. ('hicago, lIiInoi, \\ith DI Dan Stone as monitor The cooperation of
Rogn Stl'Cle'. ('l'Llld \ 1(,( .11 ,ll.d \11c'lla,'1 I c'l' "grcall\ "prrc(I,llc'd

REl-FRL:\C IS

\rnhtr(ln~.1' .I ,1I:d I'l',k'rld ( () I i'/fJfJl .\ ll1athl'll1atlc'~d Iqxc''Cnlatlon <lfthe ll1ultiaxial BaLLschingercffcct.
Rqwrl RD H "~'I (l'lllr:iI Lkc·tllcll\ (rcncratillg H<lard

BarkC'. \t. I . S,'lIl'. D. Ji and Ibr;l..1 K. I I'N'II . .-\ \iclu ,1IrLIlc' approach t<l the estimation of notch strains
1'01' pr<lp()illoll;1! "nl! lhlnl'rOIWrllllllal c\(I,( loading . .f. FII(IIi</ .\111/1'1" 1",llI/ol. (ASHE) 116, 173 IRO,

H,'nalbl.:\ C1nd \Llrqlll'. D. II'!S'I. (on,tlluti\c equatl<llb 1',,1' n,'nprl)l'orllOllal elastioviscoplastieily. .f. {"IIYlIl!

I/ill,,. I,',lillo! I IS\II:I 109.;:'(, ~,'/)

Bruhn,. (J. I and I':q,c\ 11')SlJ, \ thrcc 'lIrfa(e Il1<lLkl III 11l'llpr"rlll·t1<lml!cycllc rIClqiei\\. In Pmc.ll/l. I Ol//.
ull (lil/Sl/fl/Url' !. i,1 ,\ lor f-.n(jil/l'crilil/ ,\/{{{('I"ials ('honcililg. ("hllLl (Ldikd h~ .I. (-'an ~llHj S. J\1urakami). V'ol. ~.

pp. ifl; --;-01'1 P....'r:2;ll11()!~ Pl"l'''''. ()\/'(It"\.\

CI1;I!WCh,' . .I. L II'iS»1 \ nl'\\ k,lh'llutl<. hdrdcning rule \\Ilh d"Uc!c' IllClll0n ,urfacc, R",·h . ..j';"I!\I'. 4, 4LJ (,LJ



I!lox 'r ell1\all ,lIang and Husnm Sehitoglu

ChabllCh,', .I I Dan)! \alL K and Cordier, (i, (1979), Modelization of the stram memory effect on the cyclic
hardel1ln)! ,,( 'I h stamless steeL SMIRT-), DIVISion L Berlin. L 11,3.

Chu, C C 119X4j A three dimensional model of anistropic hardening in metals and its applications to the analysis
of sheet metal formability. I ;\leeh, PhI's, Sol"ls 32. 197n2.

Dafakh. Y. J- (I 'IX I I. A novel bounding surface constitutive law for the monotonic and cvchc hardening response
nfmetab SMiRT-o, L-, 4.

Dafall'h. Y I and Pnpov. F, P, (1')7)). A nllldclelf nonhnearl) hardening materials for complex loading. Acla
11cell. 21. 17.< 192

Druc~er. D (. 119XXj Clll1\cnti(lnal and unu'n\entJnnal pi'htic response and representation. Appl. Alech. Rev.
41. 1"1 In"

Fatem!. \. 119X)) Fatigue and defnnnati"n under proportioned and nonproportional biaXial loading. Ph.D.
dIS'lTUtllln. \kchanical Engineering. l"he Lnlwrslty of Iowa.

(jarud. I S (19XJI \ new approach te) thl' ev,dueltion n( f'ltigue under multlaxialloadlngs. 1. Lnqnq lv/aler.
T,,,llIlol IISI/Fi \OJ. JIX 12"

(;dI"ud. Y S I Ill'lll, '\"tc" nn c'\CIIC depelld,'111 Lltcheltlllg IIndl'!" multiaxiall"alh Including Ikluschinger effect
,Ilhllhln-hllcelr ,tLlIll hardenln)! In .\.\lil<l-11 (rdned 10\ H, Shibelta) VoL I. 1.2< I. pp. )11 518. Tokyo.
hpan

lI'hhl)!lIl'h!. K. 11'1','1 .\ nldthematlcallll"dl!lc',III"n,,(t\\ll ,urLlce meldel fllrmul"IILlnln pbsticitv.lnr. 1. Solids
\rru, 1111,', 24. CI," 111111

Hashlgul'hl. K I! ')'1-') \-1cchanlc,il reLjulrc'lllellh and structures 01 n'cllc plaStlClI) mOlkls II/I. I Plas!. 9. 721­

".+'
Ilas,"n. r (nr,)II'!. I .llld KHlaKlde" S 11'1'121 Ralchdlmg In cydie plaStlcil\, p"rt II l11ultiaxial behavior.

1/11 J I'll/II. S. 117 I-Ih
Ho\\ell. \-1. Hahn. Ci T Rubin. ( :\ and McDo\\ell. D. I. (1'19.1). Fillitc element analySIS of rolling contact

for non-linear kinematic hardcninu hearlnc steel. Submitted to 1. TrillO I. (AS,I/LI
IIUI1S<I~cr. B. Jr. Vaughan, D. K. a~d Stricklin. J. :\ (1976) A comparison of the capabilitv of four hardening

rules to predICt a material's plastic bcha\ i,lr J. 1'1"1'1\11/,' f'lwl T(~(hl/ol. (AS.\I F) 98.66 74.
Iwan. W D. 119671. On a class llf model, I"r Ihv \Icldlng beha\iour nf continuom and composite systems. 1.

41'1'1 .\I",h. (A';HFi J4. 612 617
,!tan)!. Y I 19l)~1. ('\die plastiei\\ \\1\11 an l'mph",I' UII ratchetllng. Phi). dissertation, Department of Mechanical

Engmeering. Lnlversity nf 1I1inois al lrbana-Champaigll
Jiang, Y and Schltnglu. H. (19ll-l), Cyclic latcheltmg of 1071i steel under 11111ltiaxial stress statcs. II/I. J. Plasl. 10,

57 <.) 60,

Kottgen. \" B. and Seeger. T I Il)<')-'I. :\ \las1I1g I\Pl' mtegra\lOnllf the Mroz nllldell'or sOl11e non-proportional
stress-l',)J11rolicd paths. Submitted tLl !. FI!l/lIi! II"!"I l"('(hl/ol.IIS.\lFi

Kneg. R. D (lll7,) A practIcal t\\o surLll'c plchtilll\ the"n I AI'I'I. .\1eeh. (.4,QlLi 42. 641 646.
lamha. H S and Sidebottom. O. \1. (Il)c~" ("",lie plaslic'ilV for nonproportional p"th,. part II: comparison

with prcdlCtllJlh of Ihrel~ It1LTcmcnt,il plc,,!:clt; models J FI/.lJI/i/ 'vlmer. Techl/l/l. (.4SM/:·) 100, 104--111.
\1c])olldl. D. L \ 19K'). A, t\\O surface nWlkl IN Iranslent Illlnproportional cyclic plasticit\. part 1: development

ofapproprlak l'LjllatllH!S. I .·1/-,1'1. Jlc,;' I 'IS\lt:) 52. 2<.)X 302
\icD,)well. D L I19X') I Evaluation of illtcr'ectloll conditiolls for two-surf'lcc plasticill theory. /111. J. Plasl. 5,

19 )().
\ic])o\lell. D 11'1911 DCSCrIplll)l1 ilf lhJnproportlCl]ral C,cllC ratehetllllg behaVior 1',.0" IIECAlvlAT'92, /nl.

Seill. 011 \lli/ili/\/i// Pla,lIcltl. Cachan. Fr'J!!C'~. I -I Seplemher
\-tro/. /. ( 1967) On the dcsenptlnn of anl,cJlloplC \\, Jrk h,mic-ning. J A,/",·II. 1'111'1 Solid, 15. 163175.
\iJ"(l,'. /. 119b91 '\Il allempt to descrIbl' Ihe' heil'.IIILlr n! ll1c'tab under c"clic loads using a more general wor­

~harllet1ingmnJel 'kll/ Melli 7, Ilj'J 21=
\tro/. /. 119, I I ()n gennali/cd ~mem;ltic h'''llenmg "uk "Ith nll:mnr) of maximum prestress . .I. De Mech. Appl.

5. ~4i 26!l
\tro,' / IlliX 11. Hanic-nlll)! and degrad"il<ll1 Jule' I"nr melitis under monntonic and (\clic loading. J. Engng

II,,:,,; h,IIl/ol (4S\/n 105. I 1.< 1I,
Ohn,) '\, ,ind WeI"g.1 J) 119'!11 Transfonn,lt]('tl llf" Ilnnlillc'ar kmematic hardcning r"le tLl a multisurface form

under isothcn11l11 allll n,mi,olhennal (C,ndltlollS 1111 . .I. 1'1"'1 7. X79 X91
Ohno. ,\, and W'1I12 .I D. I 19C)\I. Kinematic hanlenll1e rules with crillcal state of ll\namlc recovery: part 1-

fOrIl\ulallnn and 1;,hIC katurl" f()J" ratcllL'tlll1g heha\I(~r 1111 . .1. 1'/1/.11.9, 37 < ~90 .
I'ragl'r \\ 119."1 Thl' th(nn ,'I pLl'tll'll" "sunev ,Jfrc(ent "chievements. Pme Iml. lI",h. Ellyn (Lond.) 169,

.j I" C

liptoll. S \1 11%'1. j-atlguc bcha\lOr 1<l,dl'l lIlullia\lal I,)adlug In the presence of a notdl' methodologies for
the prcl!JC\l()n ,,!' Ilk In cr'lC~ 111l\latloll alld life 'pent In lTac~ propagatillll. Ph.D dissertation, Mechanical
EngllleClll1g Ikp'lrlll1ent. Stanford \nIlLTSlI\. (i\

"cng. '\ I ,urd Icc. (j C I IllX~1 Stlnpk pl,"II"ltl 1l1l1ckl lltth,' two-sarfelcc l\pe,.I. f,!/i/'/i/ \leeh. (ASCE) 109,
ill" 'I II

/iegkl II i I')"!, .\ IlllldIlIC'Il](lll "ll'ra~c'I' 1r,,,detlll1g IUlc Q, .41'/il. \lelh. 17.)) h"


